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Abstract

An Al scientist must decide which questions deserve an answer and what would
count as an advance. Current systems learn these judgments from scientific work,
expert evaluations, and task-specific measures of success. As they take greater
responsibility for choosing research, the grounds for those judgments become part
of the design problem. We argue that Al for science should make the development
of a theory of scientific value a foundational research task. Such a theory should
explain why a contribution is worth recognizing and support judgments that can be
checked against explicit principles and evidence. New relationships and stronger
grounds for existing conclusions offer concrete starting points. They also reveal
why value depends on what is already known, why some contributions resist a
common scale, and why scientific advances can demand new standards. Developing
this theory would make the aims of Al research open to systematic justification,
formal investigation, and empirical challenge.

1 Introduction

What are scientists being trained to pursue? Learning to do science includes learning to judge
which questions matter, when an experiment is decisive, and whether a result changes how a subject
should be understood. Scientists acquire much of this judgment through examples, criticism, and
participation in communities of expertise [Polanyi, 1962]. A correct answer may be trivial; an
investigation that fails to answer its question may reveal why the available evidence could never settle
it. Recognizing these differences is part of scientific expertise. Explaining why they deserve different
evaluations is a problem about the value of science itself.

For Al scientists, such evaluations help determine what research gets done. A Scientific Judge trained
on citation-based comparisons supplies preferences for training a Scientific Thinker [Tong et al.,
2026]. Co-Scientist develops hypotheses through automated criticism and tournament selection at
inference time, with expert and experimental assessments of selected outputs [Gottweis et al., 2026].
The AI Scientist combines automated research and review with evaluation by human conference
reviewers [Lu et al., 2026].

In materials discovery, the purpose of an evaluation determines which prediction errors matter.
Matbench Discovery evaluates whether models can identify stable inorganic crystals, explaining why
errors near a stability boundary matter differently from errors averaged across all materials [Riebesell
et al., 2025]. DiscoveryBench asks whether an agent can recover verified hypotheses from data,
comparing their context, variables, and relationships [Majumder et al., 2025].

Problem selection also shaped the research process behind OpenAl’s proposed proof of the Navier—
Stokes Millennium Prize Problem [OpenAl, 2026]. OpenAl reports that, after its agents produced a
result on the related Euler equations, which describe fluid motion without viscosity, the team judged
Navier—Stokes more promising and redirected agents from other Millennium problems toward it. An
agent taking on such decisions would need to assess both what a result has established and what
makes the next investigation worth pursuing.



Learning from experts offers one way forward, but a choice among judgments can still require a
choice among scientific values. An evaluator that rewards new answers and one that rewards stronger
evidence may agree on everything a study did while assigning it different merit. More accurate
imitation of either evaluator would reproduce the difference. Deciding between them requires reasons
for valuing the achievements each recognizes. Human evaluation of Al research, Al evaluation of
human research, and Al evaluation of other Al systems share this problem.

Al for science should make the development of a theory of scientific value a foundational
research task. Greater ability to pursue an objective makes the choice of that objective more
consequential. A theory would explain why particular contributions matter and provide principles
for comparing them, including contributions that existing evaluation tasks did not anticipate. Its
comparisons could be criticized, revised, and, where possible, supported by independently checkable
arguments. An assessment can be justified within its stated scope while capturing only part of a
contribution’s value, or depending on what is already known. Its use in choosing further research
therefore needs justification of its own. Explicit principles and arguments would let us examine an
evaluation’s grounds even when the research exceeds what one person can retrace. The importance
of different questions, the reach of formal guarantees, and the revision of scientific standards would
become research problems in the design of Al scientists.

2  What Should a Theory of Scientific Value Explain?

The Hodgkin—Huxley account of the nerve impulse illustrates how a study can transform what
is known about a system. Voltage-clamp experiments held the voltage across a nerve membrane
fixed and measured the current needed to maintain it. These measurements supported estimates
of membrane conductances: how readily ionic current passes through the membrane. Equations
assembled from those relationships reproduced the action potential, the electrical pulse of a nerve
impulse, and its propagation [Hodgkin and Huxley, 1952]. The model connected conductances to
phenomena beyond the conditions used to estimate them, making these connections available for
calculation and investigation while leaving their microscopic basis open.

We take finding out what is true of a subject, and how its properties depend on one another, to be a
central aim of science. From this commitment, we defend two connected sources of scientific value:
establishing previously unavailable answers or relationships, and improving the reasons for accepting
them. A newly established relation reveals a dependency. An improved experiment can resolve
an alternative explanation that previously undermined a conclusion. A method that distinguishes
previously confounded mechanisms expands what research can find out. Each makes a claim about
the subject more informative, better supported, or newly answerable, giving it scientific value before
practical application or widespread approval.

Improving the grounds for an existing answer therefore deserves credit even when the answer itself is
unchanged. A target counting only new answers would overlook that achievement. Whether stronger
justification itself constitutes scientific progress or helps bring it about is disputed [Bird, 2016, Dellsén,
2021]. We regard a genuine improvement in protection against error as scientifically valuable in its
own right. A study can earn credit for that improvement even if its particular conclusion later proves
false; the credit belongs to the improvement, while the false claim loses its standing as established
content. If the supposed improvement itself depended on a false premise, its assessment must also
change. The distinction between actual achievement and our grounds for judging it therefore remains
essential [Niiniluoto, 2025].

What is already available changes the contribution. Constructing the first accessible proof of a
conjecture can be a major advance even if the conjecture was always a logical consequence of
accepted axioms. Copying that proof adds neither a mathematical relation nor independent support.
The relevant background includes evidence, proofs, and methods available to the community whose
advance is being assessed. Making an existing result usable by another community can add capability
without establishing its content anew. Treating either community as already possessing every logical
consequence of its knowledge would erase much of the work science requires.

Research can also establish a limit rather than the answer it set out to obtain. Showing that an
experiment cannot distinguish two proposed mechanisms tells us what a new design must overcome.
Such a result is an achieved contribution to inquiry. A mistaken conjecture may instead stimulate
a later discovery: the later contribution deserves its own assessment, while its success does not



retrospectively answer the original question. Valuing a research process requires identifying what it
actually established along the way. Maieusis, for example, records data and design obstacles before
analysis begins, making reasons to revise or stop a proposed investigation available for assessment
[Xu and Doiron, 2026].

2.1 Scientific content and its representation

Relationships can be obscured by the form in which a result is summarized. In a model of a
rhythm-generating neural circuit in crustaceans, an approximate joint posterior described plausible
combinations of 31 conductance parameters [Gongalves et al., 2020]. This probability distribution
was inferred from recorded rhythm features, conditional on the model and prior assumptions. It
allowed investigation of how parameters can vary together while sustaining the rhythm. A list of
individual parameter ranges can miss precisely these dependencies. An evaluation that treats the list
and the joint account as equivalent would overlook part of the scientific content at issue.

Even agreement on the full distribution of every pair of variables can hide a relation among all
three. For a,b, ¢ € {—1, +1}, the uniform distribution over states satisfying abc = 1 has the same
pairwise marginals as the uniform distribution over all eight states, where abc = 1 occurs half the
time (Appendix C). Any two variables look independent in both distributions, but in the restricted
one, knowing two fixes the third. Sampling a, b independently and uniformly and setting ¢ = ab
also preserves the restricted distribution. The scientific question is which relations a representation
preserves, with empirical evidence establishing whether they apply to the target.

An Al-generated model may preserve such relations without admitting an intuitively transparent
decomposition. Cao and Yamins defend mechanistic explanations that depart from familiar forms
of intelligibility [Cao and Yamins, 2024a,b]. The explanatory claim depends on an appropriate
correspondence between model and target, including their organization and activities. Explaining an
established relationship in a form people can readily grasp can add understanding and make the result
easier to use. The relationship deserves scientific credit even before that accessible explanation is
available.

2.2 From contribution to importance

Recognizing a contribution still leaves its importance to explain. A theory that counts new true
statements would reward trivial additions and miss the force of unification. Relating surface gravity
and orbital periods through a common gravitational parameter for the same central body in a
Newtonian regime, for example, constrains how previously separate phenomena can vary together.
Renaming that relationship as ten questions would not multiply its content. The relevant gain lies in
the connection it establishes across the questions.

Connections of this kind provide reasons to value explanatory scope, and complementary discoveries
may jointly establish something neither establishes alone. Independent questions present a harder
problem. Why should resolving a mathematical conjecture take priority over explaining spatial
representation? Their difficulty, popularity, or number of consequences cannot settle this by itself.
A theory must explain which differences deserve weight and whether some contributions remain
incomparable. It must also distinguish credit for an established contribution from a reason to explore
a promising direction: research selection involves uncertainty, cost, and possible achievements as
well as existing ones.

3 From Scientific Contributions to Checkable Judgments

Closing an experimental loophole can strengthen the grounds for a conclusion that earlier studies
already supported. Bell tests make it possible to specify both the scientific change and a reason to
value it.

3.1 What improves when an experimental loophole is closed?

Bell tests ask whether correlations between separated systems can be explained by local mechanisms:
each outcome depends only on its laboratory’s setting and shared hidden variables independent
of the setting choices. Quantum theory predicts correlations that can exceed the limits of such



explanations. In the CHSH form of the test, each laboratory chooses between two measurement
settings and records an outcome of +1 or —1. Each correlation C,,, is the mean product of the two
outcomes for settings x, y: agreement contributes +1, disagreement —1. Local models obey |.S| < 2
for S = Cyg + Co1 + C1o — C11. Counting only detected trials can select different shared hidden
states at different settings, however [Larsson, 2014]. The resulting correlations can exceed that bound
while retaining a local explanation.

(a) Correct score, surviving local explanation (b) Broader evidential coverage
Settings xy 00 01 10 11

Retention probability 1/4 1/4 1/4 1/4
Retained correlation  3/5 3/5 3/5 —3/5

Restricted Selection
S:%+§+§—(—%):¥>2 models model
9 9 9

Local detection selects the retained trials.

The broader guarantee covers a live alter-
native omitted by the restricted guarantee.

Figure 1: A correctly computed score and a broader evidential guarantee. (a) An illustrative local
model gives the displayed correlations exactly after detection selects the retained trials. Its score
exceeds 2 while a local explanation survives. (b) In a separate comparison of two valid, informative
studies of the same target, a guarantee over H; covers a live alternative omitted by a guarantee
restricted to Hg. The gain concerns this wider coverage at a common error level; other aspects of the
studies may differ.

Figure la illustrates the problem: every setting pair retains one quarter of the trials, yet a wholly
local model produces a score of 2.4. In this construction, each laboratory reports a detection only
when its local setting matches a label carried by a shared hidden variable. Each setting pair therefore
selects a different part of the hidden population; no communication between the laboratories is needed
(Appendix A). These are exact model correlations. Finite experimental records fluctuate, so a real
test must also control the probability of a spurious violation.

The experiment of Hensen et al. [2015] addressed detection and locality loopholes together. A signal
of successful state preparation defined valid trials without being causally influenced by the setting
choices. Each valid trial received a binary outcome at each laboratory, with the choices and readouts
timed to exclude communication between the laboratories during measurement. Their observed
correlations could then count against a wider range of local explanations.

Consider two studies of the same target, each with informative evidence and a valid argument at the
same declared error level. The first guarantee limits how often its test wrongly rejects mechanisms in
arestricted class Hg; the second covers a wider class H; that includes a relevant sampling mechanism
omitted by the first (Figure 1b). Each protocol induces its own distributions of possible records,
for which its guarantee must hold. A test that rejects on a data-independent coin flip can satisfy a
false-positive bound while distinguishing nothing, so informative evidence is an essential additional
requirement. Appendix A gives a sufficient discrimination condition.

Against a common scientific background, the second study now supplies previously unavailable
grounds for the conclusion: its inference survives a live alternative that could have misled the first.
We regard overcoming that vulnerability as a scientific gain because it removes a substantive reason to
doubt the conclusion. A broader guarantee addressing a genuine threat earns credit for its evidential
coverage; deleting an irrelevant premise does not. Costs, precision, and other achievements remain
relevant to the value of the projects as a whole.

An evaluator must preserve this distinction if it is to recognize improvements in the grounds of a result.
DiscoveryBench deliberately evaluates the recovery of verified relationships and gives reasons for
assessing outcomes within that task [Majumder et al., 2025]. Suppose an agent receives an analogous
answer-recovery reward for two successful investigations, one retaining a live sampling assumption
and one overcoming it. Both add independent evidence, yet returning the same relation gives no
extra reward for the latter’s wider coverage. If that study is costlier, a policy optimizing the reward
minus cost could favor the first. Giving the coverage gain explicit credit would allow it to be weighed
against cost.



3.2 A judgment that carries its grounds

A model could submit an argument together with its evaluation. An independent checker could
then examine whether the judgment follows from specified principles and premises. Proof-carrying
code establishes this separation between generating a result and checking an accompanying proof
against a specification [Necula, 1997]; scientific verification and structured arguments offer related
resources for research claims [Cornelio et al., 2025, Ma, 2026]. Evaluating scientific value adds a
further responsibility: justifying why the property being checked constitutes an achievement worth
recognizing.

One possible form for such a judgment is
INFsKbEnm: Axqq B. (1)

Given scientific background K, premises I', and value principles F', a derivation 7 establishes
that study A is no worse than B for questions () on aspect d. In the Bell case, the proposed
derivation would certify the wider error guarantee and apply the principle that removing the specified
vulnerability merits credit for its coverage. Experiments and modeling must establish whether the
premises apply; scientific and philosophical argument must justify the principle. Putting it into F'
makes that dependence explicit and open to challenge. A complete proof would establish the stated
comparison conditional on these commitments.

An evaluator might dispute a sampling assumption, find an error in the derivation, or reject the
proposed reason for crediting the difference. Formal checking can give a strict, conditional guarantee
while leaving the empirical premises and value principles open to revision. Building such judgments
requires a scientifically faithful representation of the study and evidence for its premises. Obtaining
these inputs and constructing an argument may cost more than checking it.

4 Building a Theory for Open-Ended Research

4.1 Comparisons before a universal scale

The Bell comparison fixes a question and an aspect of achievement. Broader comparisons need not
begin with a common numerical score. Blackwell’s theory compares experiments by the information
they can provide [Blackwell, 1953, Fritz et al., 2023]. If a single, possibly randomized transformation
of observations from A reproduces B’s observation distribution for every possible true state, then A
permits every decision procedure available after B. For finite experiments, this transformation can
be specified by a matrix of probabilities and checked directly. It proves that the smallest attainable
average loss with A is no worse for any finite decision problem and any distribution over the possible
states, setting aside acquisition and processing costs (Appendix B).

For questions about the same target, preserving all existing inferential capabilities while adding a
relevant one gives a reason to recognize an advance in that respect. Different aspects of a target
can resist this comparison. For two independent binary quantities x,y, an experiment revealing
only = and one revealing only y cannot simulate each other; one revealing both can simulate either.
Their information relation is rigorous even though it supplies no exchange rate between learning x
and learning y. Such a reflexive, transitive relation is a preorder; grouping equivalent experiments
produces a partial order. Proven incomparability is distinct from equal value and from a comparison
still awaiting an answer.

A theory of scientific importance must ask whether further reasons can complete these comparisons. A
real-valued score orders every pair of assigned numbers, so it cannot exactly represent an incomplete
comparison. Quantitative theories such as Fanelli’s account of knowledge in terms of information
gained, explanatory resources, and description costs provide substantive candidates to investigate
[Fanelli, 2019]. The value choices embodied in such measures must be examined along with their
mathematical properties.

Consider a study unifying several well-supported relationships and another removing a serious
vulnerability in one foundational result. A principle favoring breadth of supported dependencies
might prefer the first; one prioritizing the security of widely relied-on inferences might prefer the
second. Investigating the disagreement requires specifying what the unification connects and which
inferences the vulnerability threatens. It also requires defending why those differences deserve their



proposed weights. Inflating the number of restated consequences or invoking an irrelevant threat
would undermine the respective arguments. Where both contributions remain substantial, a theory
may support the competing reasons without yet settling their balance. Comparing rival principles on
such disputed cases tests more than agreement on obviously valuable work.

The possibility of a general theory also depends on what we require of it. Clear meanings, com-
putability, checkable proofs, coverage of every research contribution, and a total ranking are different
demands. Both impossibility results and successful constructions would advance this research. Ap-
proximation offers a further route: errors in simulating one experiment from another can be translated
into bounds on decision performance, with model error adding further conditions (Appendix B).
A guarantee for approximate scientific importance would likewise need to specify the value being
approximated and the domain over which its error is controlled.

4.2 Standards that scientific work can revise

Scientific work can challenge what an evaluation recognizes. Suppose an evaluator treats an intuitively
transparent decomposition as necessary for crediting any model-based scientific contribution. A
model that establishes supported dependencies without such a decomposition challenges that criterion,
as discussed in Section 2. Recognizing those dependencies as scientific content expands what earns
credit while preserving the value of illuminating human explanations.

Adding a justified dimension can revise an overall judgment while preserving valid local comparisons.
Suppose two studies score 2 and 1 on dimension a, but 0 and 3 on a newly admitted dimension b.
A rule requiring no loss on any included dimension previously ranked the first above the second;
now they are incomparable. Its superiority on a survives. Formal rules can specify which judgments
a revision retains or retracts, drawing on the logic of theory change [Alchourrén et al., 1985].
A framework for scientific value should allow justified additions without requiring every future
dimension to be listed in advance. Admitting a new dimension requires a reason to value the scientific
difference it captures and an account of which earlier conclusions remain valid.

4.3 From assessments to research objectives

A partial comparison can constrain research choices while leaving several options open. Decisions
among incomparable contributions may also depend on cost, risk, or a commitment to exploration; an
allocation decision need not imply that one contribution has greater scientific value. Optimizing a
single scalar reward requires a further commitment to how the relevant scientific differences should
be traded off. Multiobjective learning provides a precedent for retaining several policies under
partially ordered returns, with methods depending on the allowed trade-offs and policy class [Roijers
et al., 2013]. The number of alternatives and uncertainty about their consequences can make this
computationally demanding.

Even with an agreed scalar objective, correct judgments can misdirect selection. If two studies have
values 100 and 2, while certificates establish only lower bounds of 1 and 2, maximizing the certified
bound chooses the less valuable study. Unequal tightness of the certified bounds has reversed the
value ranking, illustrating a problem of reward optimization within formal evaluation itself [Skalse
etal., 2022].

A theory should seek guarantees connecting a score to the value sought. An approximation within e
for every outcome being compared ensures that a score gain exceeding 2e improves the specified value.
Lower and upper bounds establish a preference when L(B) > U(A): even the lower bound for B
exceeds the upper bound for A. Overlapping intervals leave the comparison unresolved (Appendix D).
Work beyond the reach of current certification may be valuable, so allocation policies also need ways
to support its exploration.

What an investigation adds changes as research proceeds. Suppose establishing x has initial value 1
and establishing y has value 0.9, with value 1.9 for obtaining both. Reusing the initial scores would
reward establishing x twice more than establishing both, even if the second occurrence merely copies
the same result and evidence. Independent replication earns different consideration because it can
add support. Evaluation needs to track the change in what the research program has established,
including contributions that acquire value in combination.



Materials discovery already confronts a related dependence. Matbench Discovery discusses how
updating the reference hull—the stability boundary defined by reference structures—can change the
labels of earlier candidates; its fixed initial hull makes evaluation tractable at the cost of this limitation
[Riebesell et al., 2025]. Where a scalar value for a scientific background is justified, one candidate
is to reward each study’s addition to it. Over a finite undiscounted sequence under a fixed theory,
these increments sum to the change in assessed value (Appendix D). Potential-based rewards have
an established theory [Ng et al., 1999]; defining the scientific value and representing its background
are the substantive tasks here. Revising the value theory can change an old assessment, which is a
different event from producing new research.

Even a justified account of cumulative value must become usable feedback for training and search.
Previously established comparisons could supply training examples or search constraints where their
stated scope, background, principles, and premises still apply. Choosing unfinished investigations
involves uncertainty about their contributions; evidence may arrive too late to guide the decisions
that produced it. A usable system must also decide when to spend resources obtaining a stronger
assessment and when to pursue further research. Cheaper learned estimates offer one route, but
need testing under the optimization they guide. Developing losses, verifiers, and selection rules that
preserve scientific distinctions at workable cost is part of the research agenda.

Table 1: Questions for a research program on scientific value. Each comparison tests a claim about
what deserves credit or how that credit should guide further inquiry.

Research problem Concrete comparison What the comparison tests

Value of Broadening supported relationships How rival principles justify their weights,

contributions versus strengthening a foundational and where comparison remains
inference. unresolved.

Checkable Judgments under exact, approximate, and ~ Which guarantees survive, and which

evaluation empirically uncertain premises. assumptions require further investigation.

Research Selection under changing backgrounds, When increasing the reward advances

objectives complementary discoveries, and unequal  research and when it suppresses valuable
tightness of certified bounds. exploration.

Cases such as these can test a value theory before it is entrusted with directing research (Table 1).
Liu and Zhai already test novelty metrics under controlled changes to the reference background,
using axiomatic expectations at the level of systems [Liu and Zhai, 2026]. A broader investigation
should state rival value principles before applying them, establish the scientific differences between
cases, and examine the reasons for divergent judgments. The resulting evaluations can then be tested
in research selection against independently argued criteria, counting evaluation costs against the
available research budget. Expert disagreement is material for this inquiry, rather than a label to
average away: it can reveal a disputed fact, an unsupported value weight, or a consequence that a
principle cannot defend.

5 Alternative Views

Scientific judgment may work because it exceeds explicit rules. An expert’s sensitivity to an
important problem can depend on experience that resists articulation. Polanyi describes scientific
appraisal as distributed across overlapping specialties, sustained through professional standards and
personal judgment [Polanyi, 1962]. A learned evaluator might inherit some of this sensitivity. A
formal theory could instead favor the most easily stated parts of scientific judgment and give them
disproportionate authority. If so, making the criteria explicit could impoverish the science they guide.

The Bell comparison shows how an explicit principle can constrain a judgment while leaving much
of that expertise intact. Once the target and reliability requirements are fixed, the gain in the coverage
of evidence can be examined independently of who endorses it. An evaluator that gives no credit for
removing this vulnerability owes an account of what defeats that reason. Other considerations may
defeat it in an overall comparison, but the gain remains a consideration to address. A partial theory
can make some judgments answerable to reasons while leaving others dependent on expertise. Its
practical contribution should be tested against capable expert and learned evaluators, including its
costs and treatment of unfamiliar advances.



Scientific progress may transform the standards used to recognize it. A new concept can change
what counts as an explanation or a fruitful question. A fixed evaluator may then reject the very
achievement that warrants changing it. Permission to revise creates a dilemma: restrictive admission
rules can reproduce old exclusions, while unrestricted revision lets a system redefine success to suit
its output. Merely labeling work as unassessed will not ensure that promising research receives
attention or resources.

Revision within a framework can follow its existing rules. Replacing those rules must justify a change
in what the framework recognizes as valuable. The replacement should explain which achievements
the old framework misses and which earlier judgments retain their force. Rival revisions can be
compared on cases where they preserve, exclude, or spuriously reward contributions. Lee’s account
of critical engagement supports scrutiny of both evaluation purposes and standards of reliability [Lee,
2026]. Formal rules help establish the consequences of a change; the case for making it must come
from scientific and philosophical argument.

The role of community understanding makes this disagreement concrete. Tao emphasizes the work
required to digest mathematical results and incorporate them into collective knowledge [Tao, 2026].
A contribution can establish a relation before it has been fully assimilated, while the later work of
explanation and dissemination also deserves credit. How they should be weighted, and how inquiry
should support unfamiliar work while its value is disputed, bears directly on the allocation of research
effort.

6 Conclusion

As Al scientists take on more of the decisions that shape research, their evaluations will help determine
which questions are asked and which advances are pursued. Scientific value deserves sustained study
alongside scientific capability. Understanding what makes a scientific contribution valuable, and how
such judgments should change as science advances, must become part of the work of developing Al
scientists.

Use of Al tools

The central ideas and supporting arguments in this paper originated with the human author, who
directed the research and writing process. LLMs were used to critique the ideas and arguments,
and coding agents assisted with the literature review and figure preparation. Coding agents and
LLMs accessed through web interfaces provided writing assistance, helping express the author’s
written materials, ideas, and arguments in English and editing and revising the wording and paragraph
structure. LLM agents also read completed versions from different disciplinary perspectives. Their
feedback informed revisions. The author takes responsibility for the scientific content and the final
text, figures, and references.
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A Bell correlations, selection, and the scope of a guarantee

The following finite construction illustrates the role of selection in the detection loophole [Larsson,
2014]. Its probabilities are exact model probabilities; the experiment of Hensen et al. [2015] is
discussed separately in the main text.

A local model with a large retained-sample score. Let settings x, y € {0, 1} be independent and
uniform, and encode the two outcomes as bits a,b € {0,1}. A trial wins the CHSH game when
a @ b = xy, where @ denotes addition modulo 2. Independently of the actual settings, the devices
share A = (i, 7, ,n), where 4, j, r are independent uniform bits and » is an independent Bernoulli(e)
bit, equal to 1 with probability e. Alice reports a = r only if z = ¢; otherwise she reports no detection.
Bob reports b = r @ ij & n only if y = j; otherwise he reports no detection. Each response uses only
a local setting and the shared variable.

Let D denote joint detection. For every setting pair,

Pr(D | z,y) = 1, Prla®b=uzy|z,y,D)=1—c. 2)

The first equality follows from ¢ = x,j = y; under these equalities the winning condition is
precisely n = 0. With binary responses encoded as (—1)%, (—1)®, the retained correlation is
Czy = (—1)"¥(1 — 2e). Hence

Sp = Coo + Cp1 + Cig — C11 =4 — 8e. 3)

Fore = 0, Sp = 4; fore = 1/5, Sp = 12/5. The retained settings remain uniform, since the
retention probability is constant across settings. Nevertheless, selection changes the hidden-variable
distribution conditional on those settings. An exactly computed retained-sample score therefore need
not exclude a local generating process.

Why the complete-trial bound differs. For a deterministic local response defined on every trial,
write Ag, A1, Bo, By € {—1,1}. Then

because one parenthesis is zero and the other is +2. Averaging over a setting-independent hidden-
variable distribution gives |.S| < 2. Equivalently, the four equations a, & b, = xy cannot all hold:
their exclusive-or would give 0 = 1. Uniform settings thus imply a winning probability at most
3/4. Local randomization can be incorporated in the hidden variable. These arguments do not apply
unchanged to the selected responses in Equation 3.

What extending a guarantee establishes. To compare protocols without conflating their data
distributions, let PZ be the record law induced by mechanism m under research protocol R. Let
Ho C H; denote a restricted and an enlarged class of relevant null mechanisms for the same scientific
target. Fix the same declared error tolerance 0 < a: < 1 for both protocols. A test ¢; satisfying
sup P,],;fl(fbl = reject) < « 5)
meH
also has that error bound on Hj. If an old test has the same error guarantee only on Hg, and some
m* € Hy \ Ho violates its claimed extension, the additional coverage has a substantive witness. This
is a comparison of guarantees, not proof that the old test actually failed on its reported experiment.

An achieved evidential contribution requires more than valid error control and a reported rejection. A
test that ignores its record and rejects on an independent coin flip of probability « satisfies the bound
on every mechanism, yet its rejection has no discriminating content. Excluding only a never-rejecting
test would not exclude this example. One sufficient, limited condition is a scientifically relevant
alternative m,y specified before inspecting the record, with Pfrf;lt (¢1 = reject) = B > «, together
with an observed rejection and valid application of the test. For any null mechanism giving rejection
positive probability, the likelihood ratio of this coarsened event in favor of that alternative is at least
B/a > 1. This supplies a nonempty evidential contrast under the stated models; it does not establish
greater power than the old test, uniform power over all alternatives, or a total value comparison. The
comparison presupposes that both protocols supply such scientifically discriminating evidence. Costs,
setting independence, and trial definitions remain separate obligations. In particular, « is not the
posterior probability that the null is true. The scientific-value principle recognizing the removal of
a substantive evidential dependence is an additional normative premise, not a consequence of set
inclusion alone.
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B Finite experiment comparison and approximation

Let © be a finite state space. Experiments E and F’ are row-stochastic matrices with finite observation
sets S and Z: entry Fy; is the probability of observing s in state #, and each row sums to 1. A task
specifies a prior 7, a finite action set A, and a loss £(0, a). Its optimal Bayes risk is

bre(E) = min Y moEgsd(a | $)(6,a), ©)

0,s,a

where § ranges over stochastic decision rules. This evaluates an experiment’s prospective capability,
not the scientific value of every realized outcome.

A finite witness for an entire task class. Suppose a state-independent stochastic matrix K satisfies
F = FEK. For any rule dp, the rule K after E reproduces the same conditional action distribution
at every state. Thus it has the same risk, and

F=FK = b;y(FE)<bze(F) forevery finite task. @)

This proves the direction used here. The finite Blackwell theorem supplies the converse when
comparison ranges over all finite decision problems; any fixed full-support prior suffices [Blackwell,
1953, Fritz et al., 2023]. For finite rational matrices, stochasticity and £ K = F are directly checkable,
and finding such a kernel is a linear feasibility problem. Applying the comparison to science requires
an adequate representation of the object by the matrices and a reason to value the decision tasks.
If acquisition, simulation, or decision costs matter, the comparison must also preserve the allowed
decision procedures and their resource bounds.

Incomparability is not an unsuccessful proof search. Let © = {00,01, 10, 11} with uniform
prior. Experiments I, I, reveal only the first or second bit; C reveals both. Discarding a bit shows
that C' simulates each. But £, cannot simulate E,: its observation distribution is identical in states
00 and 01, and any state-independent processing preserves that equality, whereas E, distinguishes
them. The reverse fails using states 00 and 10. The corresponding optimal zero—one risks are

Experiment Guess x Guess y

E, 0 1/2
E, 1/2 0
C 0 0

There is a proof of non-comparability in the specified relation. This differs from lacking sufficient
evidence or computation to decide a comparison. It also does not prove that the scientific importance
of learning x and learning y is intrinsically incomparable under every possible value theory.

Approximate witnesses. Use TV (p,q) = % >, P — q:|. If a stochastic K obeys
meaXTV((EK)g, Fp) <e, (8)

then, for every prior and every finite task with 0 < ¢ < 1,
b o(E) < by o(F) +e. )

To prove this, fix an optimal rule for F'. Its conditional expected loss after observation z is a function
fo(2) €10, 1]. Replacing Fy by (EK )y changes the expectation of this function by at most their total
variation distance. Average over 7, use the transferred rule after F, and then minimize over all rules
for E. If losses lie in [a, b], the error becomes (b — a)e; without a uniform loss bound there is no
such uniform absolute guarantee.

If the witness instead concerns estimated matrices F, F, suppose the actual matrices satisfy uniform
rowwise bounds TV (E}, Eyp) < pg and TV(F;, Fy) < pp. Contraction under K and the triangle
inequality give

mGaXTV((E*K)g,FQ*) < min{l,pg + €+ pr}. (10)

These model-error bounds are additional premises, not consequences of a good fit or of checking the
kernel. When they hold only with stated confidence, the resulting guarantee is conditional on their
joint validity.
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C A joint relation omitted by all pairwise marginals

Let P be uniform on the four triples (a,b,c) € {—1, 1} satisfying abc = 1, and let Q) be uniform
on all eight triples. Under P, each fixed pair (a, b) has one allowed completion, so its probability
is 1/4. Under @), it has two completions of probability 1/8, giving the same pairwise marginal. By
symmetry this holds for all pairs; the one-variable marginals are also identical. Nevertheless,

P(abc=1) =1, Q(abc=1)=1/2. (11)

Consequently no function of those marginals alone can recover this joint-event probability for both
distributions. A compact representation can preserve it: draw a, b independently and uniformly, then
set ¢ = ab. This specifies P exactly; the equation alone specifies its support, not its probabilities. The
construction illustrates information loss in representing joint constraints. Learned neural posteriors
and biological compensation mechanisms require their own validation [Gongalves et al., 2020];
complexity alone gives no reason to regard a representation as scientifically valuable.

D Correct evaluations and incorrect optimization

With their value functions stipulated in advance, the following elementary examples show how correct
evaluations can misdirect reward optimization [Skalse et al., 2022].

A correct lower bound can rank incorrectly. Let v(A) = 100, v(B) = 2, and certified bounds
be L(A) = 1, L(B) = 2. Both satisfy L < v, but maximizing L selects the lower-value result. If
both bounds are available, L(B) > U(A) with L < v < U suffices for v(B) > v(A). Alternatively,
a uniform approximation |r(X) — v(X)| < € on the relevant outcome domain gives

v(B) —v(A) > r(B) —r(A) — 2e. (12)

It follows by bounding the two errors separately. Neither a sound certificate nor an average prediction
score supplies this uniform approximation.

Correct initial scores can reward repetition. Let Ky = @and ®(@) =0, ®({z}) = 1, 2({y}) =
9/10, ®({z,y}) = 19/10. Action A establishes x; B establishes y. Repeating A only copies the
same content, evidence, and method; it is not an independent replication. Initial standalone scores
s(A) = 1, s(B) = 9/10 are correct. Reusing them at both steps gives AA reward 2, exceeding
AB reward 19/10, although the terminal values are 1 and 19/10, respectively. Initial evaluation
correctness therefore does not establish a sequence objective.

For a fixed value theory, finite horizon, and undiscounted increments,
T-1
re=0(Ki) - ®(K,) = > r=0(Kr) - ®(K). (13)
t=0

This is cancellation of intermediate terms. It permits a non-additive ® but neither chooses that
function nor guarantees that greedy actions maximize its terminal value. It is not a new policy-
invariance result of the kind studied in potential-based reward shaping [Ng et al., 1999]. Discounting,
costs, an insufficient state representation, or changes to the value theory require separate treatment.
In particular, increasing the score of an unchanged scientific state by revising its evaluation must not
be silently credited as new research achievement.
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